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Outline

A lattice model of Higgs-Yukawa type
Generalizes recently studied four-fermion model*
Latter exhibits a strong coupling phase where fermions acquire
mass without breaking symmetries.This is separated from weak
coupling phase by a narrow broken symmetry phase
Motivation for this work: Elimination of broken phase by tuning an
additional parameter in the expanded phase diagram to achieve a
direct transition from massless to massive phases without
breaking symmetries.

* Shailesh et.al JHEP 1610 (2016) 058 , S.Catterall et.al Phys.Rev.
D96 (2017) no.3, 034506
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Action and Symmetries

S =
∑

x ,µ ψ
a[ηµ∆µδab +Gφ+ab]ψb +

∑
x

1
4φ

2
+− κ

2
∑

x ,µ[φ+x φ
+
x+µ+φ+x φ

+
x−µ]

The field ψ(x) is a four component reduced staggered field
defined at each point of (hyper) cubic lattice.It transforms as
fundamental of SO(4)

We use the isomorphism SO(4) = SU+(2)× SU−(2) for
introducing Yukawa field φab where
φab
+ = P+φ

ab = 1
2(φab + 1

2εabcdφ
cd )

φab
+ is self-dual and transforms under SU+(2) and is a singlet

under SU−(2).

The self-dual nature of φ+ ensures fermion eigenvalues appear in
quartets (λ, λ,−λ,−λ) and hence the Pfaffian arising after integrating

over ψ is real and positive definite- no sign problem
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(Reduced) staggered fermion model

With κ = 0 we can integrate out the Yukawa field resulting in a
four-fermion model with the action

S =
∑

x ,µ ψ
aηµ∆µψ

a − G2

4
∑

x ε
abcdψaψbψcψd

SO(4) flavor symmetry and lattice shift symmetries forbid any fermion
bilinear term from being induced by quantum corrections

Spontaneous breaking of symmetries is still possible
Will show that the system has three phases

Massless phase G < G1
c ,narrow broken phase G1

c < G < G2
c , Strong

coupling: massive phase G > G2
c SO(4) symmetry restored
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Fermion/Bosonic propagator at strong coupling

Eitchen and Preskill NPB268 (1985),Golterman NBP395 (1993)

Momentum space

F (p) =
i
√

6G2
∑

µ sinpµ∑
µ sin2pµ+m2

F
B(p) = 8(6G2)

4
∑

µ sin2pµ+m2
B

where m2
F = 4(6G2)− 2 and m2

B = 4(6G2)− 8

In the limit G→∞ G2 < εabcdψ
aψbψcψd > tends to a constant

Fermions are massive at strong coupling.This corresponds to pairing
of elementary fermion ψ with composite fermion Ψa = εabcdψ

bψcψd

Four fermion condensate can be thought of as a bilinear formed from
Ψa and ψa
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Phase structure from numerical simulation
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 (
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)

G

κ=0.0,m=0.0
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L=8

< φ2
+ > 1

V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >

Connected susceptibility χconn = 1
V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >
χconn ∼ L4 in the transition region G = 1.05

Existence of single peak suggests single phase transition however
closer examination shows two phase transitions which bound SO(4)
symmetry breaking phase with non-zero fermion bilinear condensate.

Nouman Tariq (Syracuse University) Strongly interacting fermions Lattice 2018 6 / 16



Phase structure from numerical simulation

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.4  0.6  0.8  1  1.2  1.4  1.6

<
 φ

+
2
 >

G

κ=0.0,m=0.0

L=12
L=4
L=8

-1

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0.4  0.6  0.8  1  1.2  1.4  1.6

ln
 (

 χ
)

G

κ=0.0,m=0.0

L=12
L=4
L=8

< φ2
+ > 1

V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >

Connected susceptibility χconn = 1
V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >
χconn ∼ L4 in the transition region G = 1.05

Existence of single peak suggests single phase transition however
closer examination shows two phase transitions which bound SO(4)
symmetry breaking phase with non-zero fermion bilinear condensate.

Nouman Tariq (Syracuse University) Strongly interacting fermions Lattice 2018 6 / 16



Phase structure from numerical simulation

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.4  0.6  0.8  1  1.2  1.4  1.6

<
 φ

+
2
 >

G

κ=0.0,m=0.0

L=12
L=4
L=8

-1

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0.4  0.6  0.8  1  1.2  1.4  1.6

ln
 (

 χ
)

G

κ=0.0,m=0.0

L=12
L=4
L=8

< φ2
+ > 1

V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >

Connected susceptibility χconn = 1
V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >
χconn ∼ L4 in the transition region G = 1.05

Existence of single peak suggests single phase transition however
closer examination shows two phase transitions which bound SO(4)
symmetry breaking phase with non-zero fermion bilinear condensate.

Nouman Tariq (Syracuse University) Strongly interacting fermions Lattice 2018 6 / 16



Phase structure from numerical simulation

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.4  0.6  0.8  1  1.2  1.4  1.6

<
 φ

+
2
 >

G

κ=0.0,m=0.0

L=12
L=4
L=8

-1

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0.4  0.6  0.8  1  1.2  1.4  1.6

ln
 (

 χ
)

G

κ=0.0,m=0.0

L=12
L=4
L=8

< φ2
+ > 1

V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >

Connected susceptibility χconn = 1
V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >
χconn ∼ L4 in the transition region G = 1.05

Existence of single peak suggests single phase transition however
closer examination shows two phase transitions which bound SO(4)
symmetry breaking phase with non-zero fermion bilinear condensate.

Nouman Tariq (Syracuse University) Strongly interacting fermions Lattice 2018 6 / 16



Possible symmetry breaking bilinears

There are two possible choices of bilinears corresponding to
anti-ferromagnetic m

∑
x ε(x)ψaψb and ferromagnetic bilinear

m
∑

x ψ
aψb bilinears.Fermions naturally induce anti-ferromagnetic

ordering.

κ 6= 0
Ordering at negative κ is primarily antiferromagnetic while at positive κ
it is ferromagnetic.

An interesting symmetry: κ→ −κ, φ(x)→ ε(x)φ(x). Action is invariant
under this transformation at G = 0.In-fact it’s a property of free-energy.
Free energy is even under κ→ −κ for G→∞.
This property will manifest itself in the phase diagram.
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Narrow broken phase at κ = 0.0
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Figure: Left : G = 1.05, Right : G = 1.15, Bottom : G = 0.95
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Phase structure with non-zero κ

 0

 1

 2

 3

 4

 5

 6

 0  0.5  1  1.5  2  2.5  3

G
2
 <

ε
a
b
c
d
ψ

a
ψ

b
ψ

c
ψ

d
 >

G

L=8

κ=-0.05

κ=0.0

κ=0.05

-2

 0

 2

 4

 6

 8

 0  0.5  1  1.5  2  2.5  3

 l
n

 (
χ
)

G

L=8

κ=-0.05
κ=0.0

κ=0.05

G2 < εabcdψ
aψbψcψd > 1

V
∑

x < ψa(x)ψb(x)ψa(0)ψb(0) >

The susceptibility peak widens as you move towards negative κ and it
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Phase structure with non-zero κ
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Spontaneous symmetry breaking

We repeat the spontaneous symmetry breaking analysis with
κ = −0.05 and κ = 0.05
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No spontaneous symmetry breaking with small positive κ
At κ = 0.1 we find evidence in favor of ferromagnetic phase
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κ > 0.05
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Figure: Left : G = 1.1, κ = 0.1, Right : G = 1.1, κ = 0.1, Bottom left:
G = 1.05, κ = 0.085 , Bottom right: G = 1.05, κ = 0.085
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Volume scaling of susceptibility
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At κ = 0.05 Ferromagnetic and anti-ferromagnetic susceptibilities
show no volume dependence in the transition region G ∼ 1.05.

This ensures no symmetry broken phase κ = 0.05
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Phase Diagram
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Summary and Questions

The κ = 0 system has a narrow broken phase separating the
massless and massive phases

There is a range of positive κ ∼ 0.05− 0.1 values where the
broken phase disappears and there appears to be a single direct
phase transition between massless and massive(four-fermi)
phases

Questions
Can the four-fermion phase be induced by strong gauge coupling?
(work in progress)
Can the four-fermion phase be explained through a continuum
model?

Continuum model: S.Catterall, Nouman Butt Phys.Rev. D97 (2018)
no.9, 094502
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Thank you!

Collaborators
Simon Catterall , David Schaich

Funding and computing resources
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